Graphs that can be isometrically embedded into the metric space 1~ are called /rgraphs. Halved cubes play an important role in the characterization of /i-graphs. We present an algorithm that recognizes halved cubes in O(n log 2 n) time.
INTRODUCTION
Hamming graphs are exactly those graphs which can be isometrically embedded into a Cartesian product of complete graphs. In the case in which every one of the factors is the complete graph K2 on two vertices, one obtains an isometric embedding into a hypercube and speaks of a binary Hamming graph.
If one relaxes the condition of isometry and considers so-called scale embeddings into hypercubes a class larger than that of Hamming graphs arises. It has been characterized by Assouad and Deza [1] as the class of graphs isometrically embeddable into the metric space l~.
By a scale embedding of a graph G into a graph H we mean a mapping
d/: V(G)---> V(H)
for which there exists a positive integer h such that
, where dH and dc denote the usual path distance in G and H, respectively. It has been proved by Deza and Grishukhin [4] and Shpectorov [13] that a graph G is an 11-graph iff it is an isometric subgraph of a Cartesian product of complete graphs, cocktail party graphs or halved cubes, and that/rgraphs can be recognized in polynomial time.
Aurenhammer et al. [2] (see also Imrich and KIav~ar [ii] ) proved that it can be decided in O(mn) time whether a given graph on n vertices and m edges is Hamming graph. Thus, the question whether this is also true for lrgraphs arises. We cannot answer this question; in particular, we cannot efficiently decide whether a graph is an isometric subgraph of a halved cube. However, as a first step, we are able to recognize halved cubes in O(n log 2 n) steps, where n denotes the number of vertices. Hemmeter [10] showed that there are only two types of cliques of Q~, ~vith size 4 and d, respectively. Furthermore, every vertex of Q~ is in precisely d cliques of size d, which implies that Q~ has 2 d-I cliques of size d. Moreover, every d-clique of Q~ is induced by the neighborhood (in Qd) of a vertex in V2. Based on these observations we first present a procedure TWO-CLIQUES which, for a given edge uv, computes the cliques Q and Q' to which uv belongs. The main part of the procedure is to detect a single edge e ~ uv which should belong to Q if the graph in question really is a halved cube. The rest is simple: if a vertex w is adjacent to both vertices of e it should belong to Q; otherwise it should belong to Q'. We finally check if Q and Q' are indeed complete subgraphs. To follow TWO-CLIQUES more easily we have depicted the local structure of a halved cube described above in Figure 1 PROOF. The correctness of the algorithm follows from the previous discussion.
